COMPREHENSIVE EXAMINATION
Department of Physics
University of Nevada, Reno
January 12,2004; 2:30-5:00 PM

CLASSICAL MECHANICS
Answer any four problems. Do not turn in solutions for more than four
problems.

(1) The equation of motion along a straight line is...
(a)
dv
mE‘E - —av
with initial conditions z (¢ =0) = 0, v (¢t = 0) = . Also v = %2, Determine
v=v(t) and z (¢). What is limy_, o v (c0)?
(®)
mP o2
dt 22
with initial conditions z (t=0) = 0, v (t = 0) = v. Also v = 2. Determine
v = (t) and z (¢). What is lims o v (00)?

(2) Derive the equations of Kepler's motion in the form of integrals ¢ = ¢ (r),
¢ = ¢ (r) without carying out the integration.

(3) Which force F= {X.,Y,Z} (where X,Y and Z are the Cartesian com-
ponents of F ) has a potential and, if so, why?

(a) X=ay,Y=0and Z =0.

() X =f(z),Y =0and Z=0.

(4) Consider the central elastic collision of two masses m;and s, moving
towards each other with some velocity. Question: Which equations are needed
to compute the velocities of the masses following their collision, if their velocities
before the collision are known?

(5) (a)Show how Lagrange’s equation of motion of the second kind is obtained
from Hamilton’s principle.

(b) Show how Hamilton’s equations of motion are obtained from Lagrange’s
equation of motion of the second kind.



Physics Comprehensive Exam, Spring 2004
Statistical Mechanies
Please solve four of the six problems below

1. The Maxwell-Boltzmann speed distribution for an ideal gas is given by
, 30

S)dv = 47r( 7 ;;CT vie mAT gy,

where the number of particles with speeds between v and v + dv is Nf(v)dv. Use this
distribution to find expressions for the following average speed quantities as functions of
the particle mass m and the temperature 7.

(a) The most probable speed vy, (the maximum in the speed distribution).

(b) The average speed, (v).

(c) The root-mean-square speed, (v2)1/2,

!\)

Suppose that two systems are identical in every respect except that the energy levels of
one have each been shifted by an arbitrary amount A relative to the other. As a result, the
partition functions for the two systems can be generally written,

0= Z e BE
J

0 = Z e BEHA)
J

(a) Show that both the average energy E and the Helmholtz free energy of the primed
system are shifted by A relative to the unprimed system.

(b) Show that the entropy, S, is the same for both systems. ‘

(c) Show that the chemical potential i and the pressure p do not depend on the value of A.

3. Consider the molecular partition function of an arbitrary diatomic molecule. Suppose that
the vibrational partition function can be adequately approximated by the harmonic
oscillator partition function. In this case, the thermal population of the n state can be
written P, = - 7P where £(n) gives the harmonic oscillator energy levels as a
function of the quantum number 7 and ‘

e—ﬂha}/'l
1 - e—ﬁhm _
(a) Find an analytic expression for the temperature at which the n* state has its maximum

’ relative population (i.e. optimize P,(T)). (8 points)

(b) Using the expression obtained in part (i), show that the largest population thermally

attainable in the » = 1 state, of a harmonic oscillator is %. Find a general formula for
the maximum population of the n' state.

qvib =

4. The number of single point defects of the Schottky-type in a typical crystal is given by



Ne—sd/kT .

14+ e-—sd/kT

where &g is the energy required to displace an atom to the surface of the crystal.
(a) Show that the number of pair defects of the Schottky type in an ionic crystal is given by
Ne—sp/ZkT eASv;b/k

ne=

M= T L ek phS i

where ¢, is the energy necessary to create a pair defect and AS, is the vibrational
contribution to the entropy change induced by the pair-defect formation.

(b) If there are NV atoms in a crystal and a total of N interstitial sites to which the atoms can
be dislocated, show that the number of Frenkel defects can be written

n= / N']\ﬂ e~5,~/2/cT eASVfb/.’Zk

where ¢; is the energy required to move an atom from a lattice to an interstitial position.
(Note: For pair defects, '

7 ,
— & _&_ - = 2% _L
AS oy l]n[ A -] ] 21 ln[ AT =] ] 2)

5. (a) Show that the second virial coefficient for the square-well potential is given by
B (D) = bol1 - (@ ~1)(e”" - 1)]

where
0 r<o
usw(r) = ~£* o<r<ac
0 ac <r

(b) Show that the second virial coefficient for the Sutherland potential can be written

(Suth) ;- _ - 1 &
B (D) = bo[l Z n!(2n—1) (kT :’

n=]
where

‘00 r<o
Usun. (1) = oG
—-(£) r>0

Bo(T) = =27 | drr?[e P - 1] )
0

(Note:

6. The van der Waals equation of state is
+ap*)(V-Nb) = NkT

where a and b are molecular paramters (constants). At the critical point of the fluid, one
has



(%),-0-(5%)
aV T aT/Z T

(a) Use these derivatives to show that the critical temperature 7., volume V. (for a fixed
number N of molecules), and pressure p. are given by

_ _8a , _ __9
Te =201 Ve =3Nb Pe= o2
Nk

respectively. Also, use these results to show that ETL = 20
(b) Show that the van der Waals equation of state can be re-written

(o3~ F

o . . p . .L . l
where the reduced quantities are defined by p* = 5,V * = -, and T* = 7




COMPREHENSIVE EXAMINATION
Department of Physics
wet ! University of Nevada, Reno
January 16,2004; 9:00-11:30 PM

QUANTUM MECHANICS
Answer any four problems. Do not turn in solutions for more than four
problems.

(1) Generalize the one-dimensional, infinite square well problem. to three
dimensions (="particle in a cubic box”).

(a) What is the Hamiltonian?

(b) What are the eigenvalues and eigenfunctions of the problem ? Are there
any degenerate eigenvalues? Are all eigenvalues degenerate?

(c) If the edge lengths of the potential box are chosen differently along the
three spatial directions, does this influence the answers given under (b) and, if
so , what are the new findings?

(d) For the cubic box of part (b), design a scheme to count the number
of eigenvalues below a given energy .- Can your scheme be generalized to
determine the number of eigenvalues between, say E and E+AE?

(2) Consider a one-dimensional harmonic oscillator with eigenvalue equation

(a) Using raising and lowering operators, find AzAp, for any state [n).

(b) Suppose that we prepare the state |¥) of the system to be |U) =
:/1—5 (|1) +12)) . Find AzAp, for this state.

(3) Consider a spin 1/2 particle of magnetic moment M = +5. The spin
space is spanned by the basis of the |+) and |—) states, eigenvectors of S, with
eigenvalues +#/2 and —F /2, respectively. At time ¢ = 0, the state of the system
is | (¢ =0)) = |+). Let the system evolve under the influence of a uniform
magnetic field gﬁ, parallel to the y—axis. The Hamiltonian can then be taken
to be H = —yBoSy.

(a) Calculate |¢(t)) in the {|+),|—)} basis.

(8) Find (S, (2) = (# (6) | Salth (B) Tor @ =z, or 2.

(¢) Using Ehrenfest’s theorem find (Sz) (t), (Sy) (t) and (S;) (¢), and com-
pare with the results from part (b) .

(4) Stationary solutions in one dimension: A spinless particle moves
in the following potential

V(z)=-1[6(z)+d(z —a)]

where §(z) indicates Dirac’s delta function. Vp is a positive constant which
accounts for the strength of the attractive potentials. The final goal is to find



the possible energy eigenvalues and eigenstates for the case that the energy of
the particle is less than zero: E < 0. The following sequence of steps may be
helpful for arriving at this goal:

(a) Derive the rules for connecting a function y and its derivative y/ across
a delta function potential.
- (b) Determine the form of physically acceptable solutions in the regions away
from the delta functions.

(c) Use the results from part (a) to connect the solutions at z =0 and z = a
and solve for the unknown coefficients.

(d) Discuss relevant special cases which you can think of.

() In order to discuss the symmetry of the solutions it is preferable to place
the coordinate origin in the middle between the delta functions.

(f) Can you think of a real system which resembles this problem?

Note: The eigenvalue(s) of this problem can only be obtained by solving a
transcendental equation. Indicate a way how to solve this equation.

(5) Vector analogy: Two given vectors which are not perpendicular upon
each other span a plane in 2D. Design an algebraic procedure to replace one of
the two vectors by another vector which is perpendicular upon the remaining
one. What do you have to do so that the vector pair can serve as a set of
orthonormal basis vectors?

Now translate the individual steps of this procedure to the case of two arbi-
trary kets from unitary vector space which originally are not mutually orthog-
onal upon each other.



Comprehensive Exam Questions

Optics/Modern Physics / Bruch

Einstein Theory of Light —Matter Interactions

a) The atoms of a laser medium undergo repeated quantum jumps to
higher levels as a result of a pumping process and then decay to a
lower state converting atomic energy into light energy (photons).
Describe the '

(i) hv=E, — E, (pump process)

(i7) spontaneous emission of a photon of energyhv =E, — E,

(7if) stimulated emission of a photon

(iv) radiative de-excitation, where the atom jumps down from
level 2 to the lower level 1, but no photon is emitted.

b) In optical communication fiber optical amplifiers play an important
role. Describe qualitatively the physical principle of an optical
amplifier.

c) Laser cooling is a hot topic in modern physics. Sketch some of the
basic ideas governing laser cooling of atoms.
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ELECTRICITY and MAGNETISM
Answer any four problems. Do not turn in solutions for more than four
problems.

(1) (a) A magnetostatic field is due entirely to a localized distribution of
permanent magnetization M. Show that I B-Hdz 0,provided that the
integral is taken over all space.

(b) If a distribution of magnetization M gives rise to a magnetlc induction
field B and if the strength of the distribution is altered to vM and then gives
rise to a magnetic field vB , we say there is a linear relationship between M
and B. Use _this property to show that the magnetostatic energy is given by
w=-1f M - Bd3z.

(Here the particular interest is the explanation of the factor L 5. )

(2) Given is a conducting charged sphere of radius 12; enclosed by a dielectric
shell of thickness (R — R1) and dielectric constant X = £.(a) Find the fields

F and D everywhere. Let the charge be Q@ = Q free- () Determine the surface
charge densities where they can be found. (c) Determine the potential of the
conductor.

(3) A sphere of radius R, made of a linear magnetic material of permeability
4, is embedded in a medium of permeability p,.The sphere is placed in a mag-
netic field Hy which is initially (i.e.without the sphere) uniform and pointing in
the z—direction. Find the fields H and B inside and outside (far away from)
the sphere.

(Hint: Since there are no external currents and the material is linear the use
of the magnetic scalar potential is warranted for this problem.)

(4) (@) A very long (= infinitely long), hollow conducting cylinder is cut into
two halves lengthwise as shown. Calculate the potential both in the interior
space and the exterior.

(b) How would the solution change if the constant potentials were V; and V3
(instead of V and —V')?

(¢) Calculate the surface charge density on each half.

(Hint: Symmetry requires the general solution to be of the form: & (p, ¢) =
ap+bolnp+ Y oo lanp™sin(ng + an) + bnp~ " sin (ng + B,)])

(5)(a) Find the E— field associated with the scalar potential & (r,d) =
“—‘?sre + %.Here a and b are constants.

(b) What charge distribution gives rise to this scalar potential?
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MATHEMATICAL PHYSICS

Answer any four problems. Do not turn in (partial) solutions for more than four problems.
Each problem has the same weight.

(1) Use contour integration to evaluate the following integrals:

(a)
J‘Zﬂ' d9
0o 5—4cos@
(b)
J'°° xsinx -
-0 x +a

(c) Evaluate the following integral
](O‘) — on xsinx dx

00 x2 b O'
so that /(o) has the asymptotic form of an incoming wave ¢~ . Here ¢ is real and positive.

(2) Using standard notation, a compiex function fz) = « -+ iv is given with
u(x,y) = e*(xsiny —ycosy) and
v(x,y) = @!#$% unfortunately unreadable!
Determine v(x,y) such that f{z) is an analytic function. Is your expected result unique?

(3) Solve the following differential equation using the power series method (Frobenius
method):

ngxz%,_ +4Jcﬂ + @2 +2)y = 0.
{(a) Determine the type of singular points if there are any.
(b) While here only one fundamental soiution is asked for, what does Fuchs’ theorem tell
about the possibility to find the second fundamental solution?

(4) a) The matrix C is not-Hermitian. Show that C + C' and i(C — C')-are Hermitian.
b) 4 and B are two noncommuting Hermitian matrices :

AB— B4 = iC.
Show that C is Hermitian.



