COMPREHENSIVE EXAMINATION January 13, 2006
Department of Physics 9:00-11:30 AM
Univetsity of Nevada, Réno

MATHEMATICAL PHYSICS

Answer any four problems. Do not turn in (partial) solutions for more than
four problems. Each problem has the same weight.

1.VECTOR CALCULUS
(a) Verify, for circular cylindrical coordinates, that

A V=4

for any vector A.The vector 7 is meant to be a general position vector and not
to be confused with the coordinate p (a scalar!) indicating the distance from
the z -axis. o Lo
" (b) Also in circular cylindrical coordinates, evaluate the dot product V - A
using the definition
8 -10 d
V=p—+0o—7 +25.

TR TR

(c) The vector B is formed by the product (Vu) x (Vv) where u and v are

scalar functions. .
(i) Show that B is solenoidal.

L1, - o _ .
(ii) Show that A = §(uV'u—vVu) is a vector potential for B (i.e. B = VxA).

2. CONTOUR INTEGRATION
Evaluate the following definite integral by contour integration:

/°° z2dz
oo (2 +1)2(z2 + 22 +2)

3. COMPLEX FUNCTIONS
Let A = 8%w/0x% B = 8*w/8xdy,C = 8%w/8y*%. From the calculus of real

functions of two variables w(z,y), we have a saddle point if
B? — AC > 0.
With f(z) = u(z,y) + w(z,y), apply the Cauchy-Riemann conditions and

show that neither u(z,y) nor v (z,y) has a maximum nor a minimum in a finite
region of the complex plane.



4. MATRICES

(a) Prove, in three dJ_mens10ns that a matrix and its transpose have the
same determinant. ,

(b) Prove that the trace of a matrix is invariant under change of basis, that

Tr (A") = Tr (CAC™') =Tr(4)

(c) Show that the determinant of a matrix is invariant under a change of
basis, i.e.
det(A’) = det (A4).

Hence, show that the determinant of a real, symmetric matrix equaJs the product
of its eigenvalues.

(d) If the product of twe matrices is zero, it is not necessary that either one
be zero. In particular, show that'a 2 x 2 matrlx whose square is zero may be
written in terms of just two parameters a and b, and find the general form of
the matrix.

5. APPLICATION OF INTEGRAL THEOREMS
A certain force field is given by

+ _2Pcosf P
F= i‘——%ﬁ— 9——31119 r > P/2
(in spherical polar coord.mates)
(2) Examine V X F to see if a potential exists.

(b) Calculate F-dX for a unit cn'cle in the plane 8 = w /2. What does this

indicate about the force bemg conservatlve or nonconservatlve'?
(c) If you believe that F may be described by F = —Vy, find 9. Otherwise
state that no acceptable potential exists.



COMPREHENSIVE EXAMINATION January 13, 2006 -
Department of Physics I 2:30-5:00 PM
University of Nevada, Reno ' '

CLASSICAL MECHANICS

Answer all four problems.

1. The force F' abting along the z-axis on a mass point with the mass m is:

am
F = — where a = const.and v is the velocity
v

The initial conditions are:
z=v=0 at-t=0.
What is v = v(t),z = z(t) and v = v(z) ?

2. A pipe placed in the r — ¢ plane rotates as shown with constant angular
velocity in the r — ¢ plane.

At the time ¢ = 0, a ball of mass m positioned atr = rq, ¢ = 0, placed inside
the pipe is, with zero radial velocity, released from this position, moving inside
the pipe without friction in the radial direction. What is the equation of the
trajectory in the r — ¢ plane? And what is the time dependence r = r(t) 7

3. Integrate the equations of motion for a'mass point moving in the z —y
plane, with the mass point subject to an attractive radial force F = F(r) = —ar
(@ = const), where r is the distance from the center at z =y =0.

4. Write down the Lagrange function for the Kepler problem (attractive in-
" verse square distance force law) in polar r— @ coordinates and, for this Lagrange
function, the Lagrange equations of motion for the Kepler problem.



COMPREHENSIVE EXAMINATION January 17, 2006
Department of Physics _ 2:30-5:00 PM
University of Nevada, Reno

STATISTICAL MECHANICS
Please solve three of the four problems given below. Each problem has the
same
weight

1. Consider a rubber band of length L held at tension f. For displacements

between equilibrium states
dE =TdS + fdL + udn,

where p is the chemical potential of a rubber band, and » is the mass or mole
number of the rubber band. The equation of state of the rubber band is

E=0S5%L/n?

where © is a constant and L is the length of the rubber band.
(a) What is the analog of the Gibbs-Duhem equation for the rubber band?
(b) Calculate the chemical potential (T, L/n) of the rubber band.
(c) Show that the equation of state satisfies the analog of the Gibbs-Duhem
equation.

2. (a) For a system of electrons assumed non-interacting, show that the
probability of finding an electron in a state with energy A above the chemical
potential y is the same as the probability of finding an electron absent from a
state with energy A below u at any given temperature 7.

(b) Suppose that the density of states, D(¢) is given by

ja(e— 59)1/2 for e > g4
D(e)= 0 forO0<e <gq
b (—z-:)l/2 fore <0,

and that at T = 0 all states with & < 0 are occupied while the other states
are empty. Now for T' > 0, some of the states with ¢ > 0 will be occupied
while somestates with & < 0 will be empty If a = b, where is the position of
? For a # b, write down the equations for the determination of x and discuss
qualitatively where p will be if a > b and if a < b.

(c) If there is an excess of ng electons per unit volume than can be accomo-
dated by the states with e < 0, what is the equation for y4 at T'= 0 7 How will
1 shift as T increases



3. A flmdamental relation spemﬁes macroscoplc ethbnum states of simple
systems in terms of the extensive parameters U, V, {INV;} . Example is the entropy
S = 8 (U,V,{N;}). The fundamental relation of a certain material is given by

an e (w4 5

Here the quantities s, u,v are the "per particle" forms of the corresponding
capitalized quantities. sg,b, R, v, ¢, a are dimensioned constants.

a) Derive the equatlon of state f (P v,T) = 0 for this material.

b) Show that C 2 W

b

4. A classical harmonic osci]latqr .

P’ ,%qu
2m 2 '

H=

is in thermal contact with a heat bath at temperature 7'

(a) Calculate the partition functlon for the oscillator in the canonical en-
semble.

(b) Calculate the average energy ( ) of the osci]lator

(c) Calculate the mean square deviation of the eriergy from the average

energy {(E — (E))).



COMPREHENSIVE EXAMINATION ' Jahuary 20, 2006
Department of Physics 9:00-11:30 AM
University of Nevada, Reno

QUANTUM THEORY
Answer any four problems. Do not turn in (partial) solutions for more than
four problems. Each problem has the same weight.

1. Two identical bosons are placed in an infinite, one-dimensional square
well. They interact weakly with one another via the potential

V (z1,22) = —aVpb (z1 — @2)

(where 1} is a constant with the dimensions of energy, and a is the width of
the well). ‘

(a) First, ignoring the interaction between the particles, find the ground
state and the first excited state - both the wave functions and the associated
energies. ‘

(b) Use first-order perturbation theory to estimate the effect of the particle-
particle interaction on the energies of the ground state and the first excited
state.

2. Born approximation:
A particle of mass m is scattered by a potential

V (r) = Voexp [—2]

(2) Find the differential scattering cross-section in the first Born approxima-
tion :

1. (b) The criterion of validity of the Born approximation is
Az (0)

3@ (0) <!

where Aw(l) is the first-order correction to the incident plane wave 1,[)(0).
Evaluate this criterion explicitly for the present potential. . What is the
low-energy limit of your result? Is the high-energy limit less or more
restrictive on the strength of the potential? ‘



&

3. A particle of charge ¢ and mass m , which is moving in a one-dimensional
harmonic potential of frequency. w, is subject to a weak electric field e.

(a) Find the exact expression for the energy. )

(b) Calculate the energy to first nonzero correction of perturbation theory
and compare it with the exact result obtained in (a).

4. Consider two non-identical particles each with angular momenta £=1
and whose Hamiltonian is given by

Vs

%(i1+i2).i2+§(ilz+ﬁ;)2, ,

where &; and &5 are constants. Find the energy levels and their degeneracies for
those states of the system whose total angular momentum is equal to 2.

5. For a particle of mass m moving in a one-dimensional box with walls at
z =0 and z = L, use the variational method to estimate:

a) its ground state energy

b) its first excited energy

¢) compare the results of (a) and (b) with exact solutions.

for (b).

Hint: use the trial functions ¥, (z) = = (L — ) for (a) and ¢ (z) =z (z — §) (z — L)



fZG% PL.D, Cemprehehsive Exam -
" "Modern Physics = L

1. The yéar 2005 was desgnated as the World Year of Physics, in cdenratmn ofthe
100™ anniversary of publications by Albert Einstein that forever changed our N
undarstandmg of the phy51cal warld The top1cs of those 1905 publications are:

a) Energy quantlzatlon of el ectromagnetm radiation and the phatoelectrm eﬁ‘ect.
b) Special theory of relativity and eqmvaiencw of mass and energy.

'¢) “Statistical mechanics and the theory of Brownian motion.

Descriﬁé in gﬁ“neraf terms and comihent on the sifrniﬁézmcé of each of these theories
- or concepts. Where appropriate, give examples of modern developments or demces
that are based on these theanes or \.«QIICEPT,S. '

- [25 povz‘nrsiéach. out of a total Qf 100 poinis] o




2. The \Iobel Pnzes awax:d.ed m physms during the ?ast ten years are £he following.

_005 ulauber hall and :iansch ‘ : o
Quantum theory ot optical coherence; and laser-based precision spectroscopy,
including the opiicai-ﬁ:euuency comb technique.

1

. 2004: Gross, Politzer and Wﬂcze,s :
Dlscovery of asymptotic freedom in the ‘fheory of the strong mterastlon.

2003: Abrﬂmsov szburo and Legett :
Pioneering contributions to the theory of superconductors and superﬂmds

?OO” Davis, K@shﬂ)a and Giacconi '
Pmnee*mg contributions to astrophysms n particular for the detection of cosmic
nsumnos, and the dzscovery of COS]IIIC X-Tay Sources.

2001;: Come]], Ketteﬂe and Wieman :
Achievement of Bose-Einstein condensauon in dilute cases of aikali aioms and for
fundamental studies of the condensates.

2000: A]femv, Kroemer and Kilby

Information and communication technology; developing semiconductor
heterostructures used in hloh-speed- and opto-glecironics; and invention of the
integrated circuit.

1999: t"Hoft and Veltman
Quantum structure of electroweak interactions

1998: Laughlin, Stérmer and Teui .
Discovery of a new form of quantum fluid with ﬁactlonaﬂy charged excitations.

1997: Chu, Cohen-Tanncudji and Phillips
Development of methods to cool and trap atoms Wfth laser hght

1996: Lee, Osheroff and Richardson
Discovery of superfluidity in helium-3.

In general terms, describe one of these scientific accomplishments, commenting on
the significance and m:lphcatmns

[25 points out of a total of 100 poin,is ]



COMPREHENSIVE EXAMINATION January 17, 2006
Department of Physics 9:00-11:30 AM
University of Nevada, Reno ) :

ELECTRICITY AND MAGNETSISM

Solutions

Please solve four of the five problems given below. Each problem has the same
weight.

1. A very long cylinder of radius R is magnetized with the magnetization
given by

—h . - 1 . ~
M = (ppsin2¢ + gpcos $)p + 2(5pp cos 26 — qpsin §)¢.

Here p and g are constants. Find the inside and outside potentials. (Hint: This
problem can be treated using the magnetic scalar potential, i.e. ®,, satisfies
Laplace’s equation. Why?)

2. Find the dipole moment for a spherical surface charge distribution with
o =ogcosf.

8. Charges +q and —q lie at the points (z,y,2) = (a,0,a) and (—a,0,a),
respectively, above a grounded conducting plane at z = 0.

(a) Find the total force on charge +g.

(b) Determine the work done against the electrostatlc forces in assembling
this system of charges.

(c) Find the surface charge density at the point (a,0,0).
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